Abstract. We estimate the stable rank, connected stable rank and general stable rank of the multiplier algebras of C * -algebras under some conditions and prove that the ranks of them are infinite. Moreover, we show that for any σ-unital subhomogeneous C * -algebra, its stable rank is equal to that of its multiplier algebra.
Introduction
The stable rank of Banach or C * -algebras was introduced by M. A. Rieffel [18] as an analogy to the covering dimension for spaces, and this rank, the connected stable rank and general stable rank play important roles in the (non-stable) K-theory of C * -algebras. The stable rank and connected stable rank of group C * -algebras of some Lie groups have been computed in terms of groups by [20] , [29, 30] and [21] [22] [23] [24] [25] [26] [27] , which partially answers to an interesting question by Rieffel [18, Question 4.14] . Also, he raised another interesting question such that on what condition the stable rank of C * -algebras is equal to that of their multiplier algebras [18, Question 4.16] . In this paper we compute these ranks of the multipliers algebras of some C at infinity, and C b (X) the C * -algebra of all bounded continuous functions on X. When X is compact, we set C(X) = C 0 (X). We denote by dim X the covering dimension of a topological space X. We set dim C (X) = [dim X/2] + 1 where [x] means the maximum integer ≤ x. Let βX be the Stone-Čech compactification of X. We denote by K and B respectively the C * -algebra of all compact (resp. bounded) operators on a separable, infinite dimensional Hilbert space. We denote by M (A) the multiplier algebra of a C * -algebra A. For a C * -algebra A (or its unitization A + ), its stable rank, connected stable rank and general stable rank are denoted by sr(A), csr(A) and gsr(A) respectively (cf. [18] ). Then we have by [18, Corollary 4.10 and p. 328] that gsr(A) ≤ csr(A) ≤ sr(A) + 1.
Stable ranks of multiplier algebras of C * -algebras
We first prove the following which is a modification of [8, Proposition 1.4]:
Then we have that csr(B) = ∞ and gsr(B) = ∞.
Proof. We now suppose that csr(B) ≤ n + 1. Let q : B → D be the quotient map. We take
which is in the kernel of q. Then by definition of connected stable rank, there exists an invertible matrix (K ij ) of the connected component of GL n+1 (B) with the unit such that
where (·) t means the transpose. Hence we have that
The proof for gsr(B) = ∞ is the same as above from definition of gsr(·). Remark. We may take A as a C * -algebra of continuous fields on a locally compact Hausdorff space with one of their fibers isomorphic to K, which implies that Theorem 1.2 covers a large number of somewhat interesting examples since arbitrary C * -algebra could be taken as a fiber (cf. [10] ). Remark. Every separable C * -algebra is σ-unital (cf. [12, p. 108 
]).
We may take A as the group C * -algebra C * (G) of G either a connected nilpotent Lie group or a connected semi-simple Lie group (cf. [7] ). In particular, we have that sr(C * (G)) = 2 = csr(C * (G)) in the case of G the real 3-dimensional Heisenberg Lie group (cf. [29] , [23] , [8, Corollary 1.6] ). Also, this C * (G) is regarded as a C * -algebra of continuous fields on R with its fibers {A t } t∈R given by A t = K for t ∈ R \ {0} and 
). Since B ⊗ M (Q) has two orthogonal isometries, by [18] and Proposition 1.1, we have that
Remark. For a connected locally compact group G, its group C * -algebra C * (G) has a simple subquotient which is stable or a finitedimensional matrix algebra (cf. [9] ). Thus C * (G) for G a noncommutative, connected solvable Lie group has a closed ideal such that its multiplier algebra has the stable ranks infinity. However, we have not been successful to compute the ranks of M (C * (G)) in general and even in the case of the real ax + b group. w) for z, w ∈ C, t ∈ R and θ an irrational number (cf. [2] ). Then we have the following isomorphism and quotient of the group C * -algebra C * (M 5 ):
where the quotient is the crossed product associated with the invariant subspace T 
On the other hand, sr(C * [6, 7] ). Then we have the following quotient:
which is associated with the invariant subspace T 
On the other hand, sr(C * [25, 26] ). [14] and [8] ,
For X a contractible compact space, we get csr(C(X)) = 1. Hence gsr(C(X)) = 1. 
Stable rank of multiplier algebras of subhomogeneous C * -algebras
Recall that a C * -algebra A is subhomogeneous (in a general sense) if any irreducible representation of A is finite dimensional. Denote bŷ A n the space of all n-dimensional irreducible representations of A up to unitary equivalence (cf. [7, Chapter 3] 
Proof. Following the idea of [27] we construct a C * -subalgebra B of the direct product P A ≡ Π 1≤n<∞ Π π∈Â n C 0 (Â n , π(A) ), consisting of all elements (f n,π ) ∈ P A such that for some a ∈ A, f n,π (π) = π(a) for all 1 ≤ n < ∞, π ∈Â n . Then A is a quotient of B by the identification of a with (π(a)) 1≤n<∞,π∈Â n .
Note that M (B) is a C * -subalgebra of 
). Moreover we have that . Furthermore, we check that ϕ is onto. In fact, any element of M (A) is represented as (l n,π ) 1≤n<∞,π∈Â n with l n,π ∈ M (π(A)) = π(A) since any element of A is represented as (π(a)) 1≤n<∞,π∈Â n on the direct sum of Hilbert spaces indexed by 1 ≤ By definition of multiplier algebras, M (B) contains all the elements (g n,π ) ∈ Q A such that (g n,π (π)) = (l n,π ) for (l n,π ) ∈ M (A). Therefore, the same methods for the stable rank bound in [27, 28] are applicable to M (B). In fact, we suppose that the number N defined above is finite. Then we show that sr(M (B)) ≤ N by checking the definition of stable rank precisely, and using the perturbation along the diagonal elements (g n,π (π)) for π ∈Â n . In fact, for any (g π(A) ). Note that the restriction of g j n,π toÂ n belongs to the C * -algebra A n of continuous fields onÂ n with its fibers π(A). In particular, the map π → g j n,π is continuous onÂ n . Thus, for any π ∈Â n there is an open neighborhood U of π, and an element h
which is deduced from a direct computation by using the norm continuity on fibers to show that if
for ρ ∈ U is invertible. Therefore, our remaining task will be to use this process inductively for a suitable open covering ofÂ n .
Moreover, if necessary, taking ε(n, π, j) small enough and replacing h j n,π with its suitable perturbation, we can assume that h (n, π) is bounded away from zero. In fact, in general, for a C * -algebra A we have a continuous map Φ from
Then S is open in A + since for b ∈ A + with b − b small, we can make the distance of their spectrums small. Taking η, η suitably, we make the distance between n j=1 a * j a j and S small enough. Then we can find a small open neighborhood of (a j ) such that its image under Φ has the nonzero intersection with S.
Remark. We have proved implicitly in [27] by the similar way as above that for any subhomogeneous C * -algebra A,
However, we do not know whether M (A) is subhomogeneous or not in general. In fact, we have that for Acknowledgment. The author would like to thank the referee for some critical comments for revision.
